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ABSTRACT 


This thesis developed expressions for the aperature fields and inte- 
eral equations for the far field radiation characteristics oe the Paraitel 
Plate Luneberg Lens Microwave Antenna operating in the TEM or TE, modes, 
These expressions were programmed on a digital computer to predict the 
far field radiation patterns for several feed systems. — Experimentation 
produced far field radiation patterns that were very close to the theor- 


etical patterns for the TE,, mode lens and substantially different for 


10 
the TEM mode lens. 
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L. INTRODUCTION 


Theoretical work by R.K. Luneberg [Ref. 1] on optics in a medium of 
Variable index of refraction resulted in the development of the Luneberg 
Lens which has many applications in microwave antennas. Two of the most 
common Luneberg Lenses are of the spherical Lienert cal types, in 
which the index of refractions is a function of radius only. In these 
lenses, the index of refraction is varied so that the radiation from a 
point source placed at the edge of the lens produces a collimated beam 
on the opposite side of the lens. The index of refraction is 1.0 at the 
edge of the lens so that it is matched to free space. 

Spherical or cylindrical Luneberg Lenses are constructed by bonding 
concentric dielectric shells or hoops together, or by a special mixing 
and blending process which produces a continuously varying index of re- 
jeetion aS a function of the radius [Ref. 2]. Cylindrical lenses are 
also produced by taking a cylinder of dielectric material and machining 
one surface until the required average index of refraction, when placed 
between two parallel plates, is achieved. 

Cylindrical Luneberg Lenses operate in either the TEM or the TE, 
modes. If the thickness of the lens is greater than one-half wavelength 
but less than one wavelength, it operates in the TEJ9 mode. However, if 
the lens is several wavelengths thick it will operate in the TEM mode. 

Many radar systems and most electronic warfare systems require an- 
tennas that can scan a narrow beam over wide angles in space. As long 


as the scan rates are low, the present rotating systems are adequate. 


However, when the required scan rates are increased or the application 





requires instantaneous repositioning of the beam, rotating antennas can- 

not fulfill the requirements due to their inertia. It can be shown that 

for some passive electronic warfare systems the optimum scan rates are in 
\ 

excess of 3000 rpm. In addition to this, the beamwidth of present ro- 

Paeine antenna systems are too wide to permit the desired accuracy in the 

ferermination of the direction of arrival of an intercepted signal. 

A new antenna system is therefore required to more fully utilize the 
capabilities of current equipment. The Luneberg Lens has the DOEecHElaL 
to overcome the above deficiencies and, in addition, provide a higher 
gain and reduce the weight of heavy antenna systems placed on the super- 
Structure of ships. In view of this potential, this thesis was designed 
to analyze the parallel plate, continuously varying dielectric, cylin- 
drical Luneberg Lens. The analysis was to produce theoretical expressions 
moreene far field radiation patterms of the lens for any feed systen. 
This would provide a method of determining the performance of any size 
lens with any feed system to be investigated without going to the expense 
of buying or constructing a lens and measuring the far field radiation 
patterns. The only requirement is that the radiation patterns of the 
feed system be known. ‘The feed system patterns may be known functions 
or they may be measured. The far field expressions were programmed on 
the IBM 360 computer to compute and plot the far field radiation patterns. 
The accuracy of this analysis was verified experimentally. 

Although the analysis of the Luneberg Lens was carried out for arbi- 
trary feed polarization, lens size, and frequency, some limits had to be 
placed upon the experimentation. The experimental limitations were: 

(1) feed systems polarized in a plane perpendicular to the plane of the 


lens, (2) the far field radiation patterns of the feeds were used in 





calculating the far field expressions of the Luneberg Lenses, (3) all the 
experimentation was confined to x-band due to availability of equipment, 


and (4) a "roof-top" range was used for some meaSurements. 





= ~ TBEORETICAL ANALYSEs 


Electromagnetic energy propagating through a lens follows optical 
ray paths [Ref. 3]. In the case of the radially-symmetric, cylindrical 
Luneberg Lens, the optical ray paths are such that the energy from an 
incident plane wave is focused into a Perna wave front on the sur- 


face of the lens diametrically opposite the direction of incidence as 





Figure 1. Focusing Properties of the Luneberg Lens. 


miaaeated in Fig. l. 
The refraction necessary to achieve this focusing effect is obtained 
by properly varying the index of refraction. In the cylindrical Luneberg 


Bememtne index of refraction, n(r) is given by 


G2) ae a(C ee (1) 
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where r is any radius and to is the radius of the lens. Thus the index 
of refraction varies from 72 at the center of the lens to 1.0 at the 
edge. 

The theoretical analysis of the Luneberg Lens is based upon the 
principles of geometric optics from which the Ray Paths and the Aperature 
Field of the Lens are calculated and plotted. The far field radiation 


patterms are then calculated from the Aperature Field. 


A. RAY PATHS 

The generalized Snell's Law for circular symmetry, such as is present 
in the cylindrical Luneberg Lens, where the index of refraction is a func- 
tion of the radius only [Ref. 3] is: 


n(R) sin 0 =C (2) 


1 b 


where n(R) = V2—-R* = index of refraction, 


R = normalized radius, 


0 


it 


angle between the ray path and the outward meridian, 


C= constant. 


7 


The geometry of Fig. 2 and equation (2) were utilized to derive an 


integral Pores LOY the relationship between R, ¥, and C,- 


-1/2 


é dR (3) 


2 1 4 
Y= Cy | R [-R + 2R -C 


where ¥ is the angle between the direction of arrival of the plane wave 
and the radius through a point on the ray. A unique ray exists for each 


value of C, (0.0 < ¢, ane 





For complete derivation see Appendix A. 


yet 





rc 





a 1 


le 





Equation (3) was separated into two intervals as given by equations 
(41) and (42) of Appendix A and programmed for the IBM 360 computer. The 
ray path plots are given in Fig. 3 for ten values of C,- Note that. B 
was equal to te and that the closest point of approach to the origin by 
a ray (x) occured for 0 equal to 90°. Each ray is symmetric about the 


point (r = Se QO = 90°). 


B, APERATURE FIELD 

The relationship between the Feed Distribution and the Aperature 
Field of the Luneberg Lens was derived utilizing the principles of geo- 
metric optics, for the geometry and variables defined in Figure 4. The 
energy flow into a Differential Element d8dx must be Pn ellen. to the 
energy flow out of the Differential Element dxdy , since from the prin- 
ciples of Geometric Optics it has been shown in section II-A that energy 
flow is along Ray Paths. If a tube of rays is considered, then the energy 
flow is constant through various cross-sections of the tube. Therefore, 
the energy flow fifi the wedge-shaped tube, dfdx , at the feed is 
S, (8, x) dB dx , where S, (85%) is the energy distribution per unit angle in 
the primary feed pattern. 

Equating the energy that enters the flux tube, dfdx , to the energy 
teaving the flux tube, dxdy , SOY) dxdy = S, x, 8) dfdx , where SOY) 
is the energy in the lens aperature. However, SOY) is proportional 
to jer |* 


, where |E'|is PicmMatiiercemometneselectiic field an the aper— 


ature. Therefore, 


. Z 
S (x,y) dxdy - cy [E!| dxdy = S, (x, 8) dB dx (4) 


where C., is a constant. From the geometry of Figure 4 


— j J 
y =r, sin } (5) 
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Figure 3, Ray Paths Through Luneberg Lens. 
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X-axis is into paper. 


Figure 4. Geometry for the Derivation of the Aperature Fields. 


ans, 





where tO is the lens radius. i is defined as the point on a ray nearest 
the origin, and due to the symmetry of the Lens, the ray path is symmetric 
about the point r = r and hence ¥ = 8 [Ref. 4]. Then from equation (5) 


and this fact 


Substituting this into equation (4) yields 


og SO al ee 


i] PS ee a 
La i C, dy C,r cos Me 
or 
t = ; 
JE! | C., v5, Cx, ¥) sec ¥ (6) 


The Aperature field can therefore be calculated for any feed distri- 
BueLon for either the TEM or the TE10 mode Luneberg Lens. Two assumptions 


were made. First, that the feed energy distribution is a separable func- 


tion of x and ¥. Therefore 
SOx.) = S, (x) S(¥). (7) 


The second assumption is that S, (x) and S.@) can be calculated or ap- 
proximated from the eeometry or by computer curve fitting of a measured 
feed pattern. For either type Luneberg Lens the S., (y) can be equated 
to the feed distribution in the plane of the lens [Ref. 4]. S409, how- 
ever, ie different for each type of lens and is a function of the lens 


peemetry. In the TEL 9 mode lens as is Suggested from wave guide theory 
x 
[SoQ) Jo, = cos (), (8) 


where a is the thickness of the lens. In the TEM mode lens the assumption 


16 





was made that the S, (x) is constant over the x-dimension of the lens, and 


[S500 logy = Sy: <9) 


The luneberg Lens was designed to produce a constant phase in the 
Beene Of the lens along a line tangent to the aperature center; therefore, 


the aperature fields have a phasing 
kr - cos ¥). , (10) 

Then for the Luneberg Lens 

ojkroQ - cos ¥) 


Et = [EY 


a Gin) 


Combining equations (6), (7), and (9) for the TEM mode Luneberg Lens, 
) ee (ins) | 
ES S.(¥) sec ¥ . (12) 
: 2 
However, S,()« (EM) , so that 
EMC ESECEEN(!)avsec Y (13) 


where C, is a constant of proportionality and EL) is the magnitude of 


the feed distribution. Rewriting with the phasing information of equation 


0), 
B'(x,¥) = C.E(¥) vsec ¥ BLES SS ei a) (14) 
Combining equations (6), (7), and (8) for the TE) mode Luneberg Lens 
the aperature field is 
t t x 
Ee « JES | ¥S,(¥) sec ¥ cos oS) 
or 
E'(x,¥) = C, cos ) E_(¥) Ysec ¥ alco Gh eee Ge) 


IL 





C. ELECTROMAGNETIC FLELD CALCULATIONS 


\ 


The Electric Field of the Luneberg Lens was calculated utilizing the 
aperature field method and Huygens Principle as developed in Chapter 2 


of Ref. 5. The Electric Field equations are: 








Elso0 vo okey ee (16a) 
€ WHE 
= ee es =. = 
and H= —-VxA--~—VxVxF (16b) 
ul WHE 
om of a7 dkR 
where A = ae I{ J(x!¥") ds’ , (17) 
a E ~ a 
Se a | yt | 
We {| Mx ,*® dS am. (18) 
J(x',¥') =n x HL . (19) 
K(x',¥!) = E xa, (20) 
dS' =p dx'ay' , (21) 
271 
ase = (22) 


@aaethe remaining variables are shown in Fig. 5. Only the Electric Field 
will be considered from this point since the Far-Field is essentially a 
mene wave, where E and H are related by the intrinsic impedance of Free- 
Space. 

The Far-Field ens SIGHS derived from equations (16-22) and the geo- 


Metry of Fig. 5 for a feed polarized in the x-direction are: 


See Appendix B for derivation. 
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Figure 5, 


R R 


Luneberg Lens Geometry Used in the Derivation of Radiation Ex- 
pressions, 


1h, 


MT cia. ee kt eee eet ea 


—? 
SS 


7 


fy 
B 





kp 
E,(R,?,0) = ee oe Sees (23) 


(| 2 5KIRy| 7 Jke cos ¥' 


ns a ae BY cosa’ |] dx’ d¥* 


e inte 2 q 
J Ke ff n jk/Rq| Z ike cos ~Y 


ny = JKp 
E, (R, ®, 0) = it } (24) 


[E_.(x',¥') ] [sin Ovsem?° = cos, v° sin $(i + cos 0) jdx' d¥', 


and E,(R, >, 0) = 0); (2) 


where Ey tk >? ) is the magnitude of the Lens aperature field polarized 


in the x-direction and 


R, = rR + Coe + ae + 2R(x'cos © cos 6 = 0 sin ¥' 


sin 0 sin 6 + 9 cos ¥' cos oe a (26) 


The far-field equations for a feed polarized in the y-direction are: 


= _ | 
: jhe, a ff jk [Ry | ice weCSn 


E (R,?,0) = hy (27) 
[Ey (x",¥") [cos ¥' sin 6 (ltcos9® ) - sin @ sin ¥']dx' d¥' 
1k Sig 
E (R,¢®,0) ey ae [cos (cos 0+ 1)] (28) 
275k R1| o Jkp cos wee 
{| Tad ay (Cae) cost ndx -wdy".. 
and ERR, ?, 9) =O: 2h) 


where ae is the magnitude of aperature field polarized in the 


y-direction and IR, | is as given in equation (26). 
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The Far-Field radiation patterns are identical as can be seen by 
comparing equations (23) and (24) to equations (28) and (27) respectively. 
Due to this identity, the Far-Field radiation pattems are independent of 
the Feed Polarization. Therefore, only one set of equations need be 
utilized in calculating and plotting the far-field radiation pattems 
for any feed polarization in the x-y plane. 

Approximating ee and IRI by |8| - [Risa | (far field con- 


(eS, | aaa S| 
Miccion) > then equations (13) and (14) become: 


° e _ x G 
on = D504 - cos O}[cos mie ») A E (x) dx aa ee VE (ied V 
0 4uR ay ay 


and (30) 
= pO R) Ses (Gl) abs gos cos YE (¥) 
) 4TR a a 
il i 
[ sin 0 sin ¥ - cos 0 sin $ cos ¥ - sin $ cos ¥]d¥ , (31) 
where CEX = jkx sin 0 cos $ (32) 
and CER = jkP (cos Y cos 0 - sin ¥ sin 0 sin ® - cos ¥), (33) 


Equations (30) and (31) were programmed for the IBM-360 computer for 
calculating and plotting the normalized far-field radiation patterns. 
The computer programs are given in Appendix C, and the theoretical far- 


field radiation patterns are given in Section III. 


3 ; ae 
Calculations show that for the worst condition (Y = 90°) at a distance 
oe Ome /d the phasing error is less than .06A, C21"). 


Z1 





ITI. EXPERIMENTAL VERIFICATION 


Pee DISCUSSION 

Experimental verification was undertaken to determine the validity 
of the equations that describe the far-field radiation patterns of the 
Parallel-Plate Luneberg Lenses. In order to accomplish this, two Lune- 
berg Lenses were acquired. One was a TEM mode lens, ae imenes (37 427) 
at 10 GHz) in diameter and 2.38 inches thick. The other was a TEJ9 
mode lens, 10.25 inches (8.67 at 10 GHz) in diameter and 0.5 inches 
thick. All measurements were made with the lenses operating in the 
receive mode and for far-field conditions (distance > aL dr). Measure- 
ments on the TE, 9 mode lens were conducted in an anechoic chamber and 
those for the TEM mode lens were conducted in a "roof-top" range. The 
transmitting set-up is shown in Fig. 6, and was operated in the CW mode 
at 10 GHz. The only exception was for a pecutere characteristics check 
or the TE,0 mode lens. The receiving set-up is given in Fig. 7. 

The procedure followed was to measure the far-field patterns of the 
feed and the Luneberg Lens and then using the feed data, calculate the 
far-field patterns and compare the two results. 

It was noted that in the case of all feeds with both lenses that when 
the feed was placed very close to the lens the first side lobes almost 
merged into the main beam. As the distance between the feed and lens 
increased the side lobes became distinct and dropped very rapidly. Then 
the Peieuiar placement of the feed was found which resulted in optimum 
(lowest) side lobe levels. When the separation was increased to a dis- 


tance greater than the optimum, the main beam spread out and engulfed 


mae first side lobes. 
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B. TE, 9 MODE LUNEBERG LENS 


The TE V9 Mode Luneberg Lens was fed by two different feed systems. 
The first was an "“open-end'' waveguide feed (hereafter referred to as 
the waveguide feed) and the other was a two element Yagi array (driven 
element plus director) resonant at 10 GHz. The far field patterns of 
the lens aperature fields for these feeds are given in Figures 8 and 16 
respectively. Fig. 9 is a comparison of the theoretical vs. the experi- 
mental far field patterns in the planes of the lens (E-plane), when fed 
by the waveguide feed at a frequency of 10 GHz. The gain over isotropic 
of this system is approximately 20 db, as compared to a 16 db standard 


horn, with a one-half power beam width of 6.5 degrees. The salient 


Dormers Of the two curves are given in Table I, below. 


TABLE I 
Suedb First Null First Sidelobe First Sidelobe 
Beam Width Location Location Amplitude (db) 
left right lett Giger Veieer 1 sit 
Theoretical 6.8° =o22 O23 —1078°°10.6° ~-19.6 -19.6 
Experimental Cela rt eae feo 6 OE 10, 3° -17.9 -18.2 
Difference Dyes dmor Oro OR eee Ors) a7 alam 


Figure 10 is a comparison of the theoretical and experimental H-plane 
(perpendicular to plane of lens at beam center) far field patterns for 
the waveguide feed. 

wer dex. to determine the frequency characteristics of the TE, mode 


lens when fed by the waveguide,feed far field patterns for 7,8,9 and ll 


GHz were also calculated and are presented in Figures 11 and 15. The 
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experimental far field patterns were different from the theoretical pat- 
terns by about the same amount as the patterns at 10 GHz. 

The experimental vs. theoretical E-plane far field patterns of the 
TE, 0 Mode Lens fed by the Yagi feed are given in Fig. 17. The differ- 
ences in side lobe and null locations and side lobe levels are negligible. 
The gain over isotropic of this arrangement is about 21.5 db as compared 
to the 16 db standard gain horn, with a one-half power beam width of 
6.2 degrees. 

A comparison of the lens aperature fields ( Figures 8 and 16) show 


that the Yagi array feed utilizes the lens aperature more efficiently 


than the waveguide feed. 


C. TEM MODE LUNEBERG LENS 

The theoretical and experimental E-plane far field patterns of the 
TEM Mode Luneberg Lens when fed with a dielectrically loaded sectoral 
horn feed (feed pattern and lens aperature field given in Fig. 19) are 
given in Figures 20 and 21, respectively. The difference between these 
two patterns is about 1.0 degrees in the one-half power beam width, 0.5 
degrees in the first null placement, 2.5 degrees in the first sidelobe 
placement, and 8.0 db in first sidelobe amplitudes. The gain over iso- 
tropic of this arrangement was about 25 db. The theoretical H-plane 
far field pattern is given in Fig. 22. The 3 db theoretical H-plane 
beam width is 22 degrees as compared to 25.5 degrees obtained experi- 
mentally by the Naval Electronic Laboratory Center [Ref. 2]. 

When the TEM mode lens was fed by the waveguide feed (Fig. 8) the 
theoretical (Fig. 18) and the experimental far field pattern differences 
were somewhat less that they were for the sectoral horn, but due to 


Pange difficulties reliable experimental pattems were not obtained. 
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It is felt that the differences between the theoretical and experi- 
mental patterns were too great to warrant further investigation without 


refinement of the feed systems analysis. 
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Figure 9. Luneberg Lens Far Field Radiation Patterns with Waveguide Feed. 
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Figure ll]. Luneberg Lens E-Plane Patterns for Waveguide Feed at 7.0 GHz. 
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Luneberg Lens E-Plane Patterns for Waveguide Feed at 8.0 GHz. 
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Figure 13. Luneberg Lens E-Plane Patterns for Waveguide Feed at 9.0 GHz. 
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Figure 14. Luneberg Lens E-Plane Patterns for Waveguide Feed at 10 GHz. 
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Luneberg Lens E-Plane Patterns for Waveguide Feed at ll GHz. 
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TEM Mode Luneberg Lens Theoretical E-Plane Radiation Patterns 
With Waveguide Feed at 10 GHz. 


38 





a Feed Pattern 


Aperature Field 


ae 1. 0 
oo : 
Ya + 
/ N 
\ 
/ \ 
/ L 0.8 \ 
/ \ 
/ \ 
/ \ 
/ \ 
/ 0.6 \ 
/ \ 
/ \ 
\ 
: \ 
/ 1 0.4 
: \ 
\ 
/ \\ 
f \ 
/ : : 
: 0,2 \ 
} \ 
7 
f \ 
-60° = ° | | | o | E ae | | 

4O -20 ¢) 205 40° 60° 


, x : : 
Beeure 19. Bebe Ue Steir fe Loaded Sectoral Horn Feed Patterns and Aperature 
Field for Sectoral Horn Feed. | 


39 








-56 db 


Figure 20. TEM Mode Luneberg Lens Theoretical E-Plane Radiation Patterns 
For Sectoral Horn Feed at 10 GHz. 
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Figure 21. TEM Mode Luneberg Lens Experimental E-Plane Pattern for 
Sectoral Horn Feed at 10 GHz. 
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Figure 22, TEM Mode Luneberg Lens H-Plane Radiation Patterns for Sectoral 
Horn Feed at 10 GHz. 
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IV. CONCLUSIONS AND RECOMMENDATIONS 


The results of the experimentation did not Show conclusively the 
approach of this thesis to the problem of predicting the far field radia- 
tion patterns of the Luneberg Lens is valid. However, the results did 
indicate that the method is valid for the TE, mode lens. There are at 
least two reasons for the differences, assuming that the approach is 
valid. 

First, the far field patterns of the feed systems were used in cal- 
culating the aperature fields and far-field patterns of the lens, when 
in fact, the lens was not in the far field of the feeds except for the 
case of the Yagi array on the TE 10 lens. This resulted in errors in 
the aperature fields used in calculating the far field patterns. 

The results of the TE, mode lens seems to confirm that this was in 
imaeteone Of the major sources of error. The far field of the waveguide 
feed is approximately 4 cm. and it was operated at 1.7 cm from the lens 
for optimum side lobe levels. The differences between the theoretical 
and experimental pattems were an average of 0.6 degrees in first side- 
lobe placement and 1.5 db in first sidelobe amplitude. However, when the 
Yagi array feed, with a far field distance of 0.4 cm., was used at a dis- 
tance of 1.7 cm from the lens, the differences in first sidelobe place- 
ment and amplitude were negligible. 

The far field of the dielectric loaded sectoral horn is approximately 
9.6 cm. It was operated at about 2 cm from the TEM mode lens and the 
results were AEROS by about 8 db in the first sidelobe levels and 


2.0 degrees in the first sidelobe placement. When the TEM mode lens 


was fed with the waveguide feed the first sidelobe differences were on 
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the order of 4.0 db in amplitude and 1.0 degrees in placement. The far 
field patterns of the TEM mode lens with the waveguide feed were not pre- 
sented in section III due to the lack of confidence in the results. 

Second, the assumption was made that the energy distribution over the 
x-dimension of the TEM mode lens is constant, while in fact it cannot be 
due to the metal plates at the top and bottom of the lens. An attempt 
to measure the aperature field distribution over the x-dimension of the 
lens failed due to the disturbance of the field caused by the dipole 
probe used. The x-variation of the Pee ice field did, however, appear 
to be a standing wave between the two metal plates. 

It is the opinion of the author that the approach of this thesis to 
the far field analysis of the Luneberg Lens is valid, and that the dif- 
ferences between the theoretical and experimental results is almost com- 
pletely due to the feed pattern information used in calculating the 
theoretical patterns. 

In line with the above thoughts the following recommendations for 
future investigations are made: ; 

A. That the near field (theoretical or experimental) of the feeds 
be used in the calculation of the far field radiation patterns of the 
Luneberg Lenses. 

B. That a broad-band Yagi array, such as Yagi constructed from 
Capacitative lumped loaded cylindrical elements, be used to feed the 
Luneberg Lens. 

C.. That multiple Yagi arrays be used to determine the possibility 
of using electronically scanned Yagi array (such as in item B) to feed 


the Luneberg Lens in a direction finding system. 
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D. That the computer programs of Appendix C be modified to calculate 
the far field patterns of the Constant-K Lens. This would require a 
change of function subprograms CFCT 3 and CFCT 4 to reflect the geomet- 


ric optics of the Constant-K Lens. 





APPENDIX A 


RAY PATH CALCULATIONS 


Pee DERIVATION OF RAY PATH FORMULA 


The generalized Snell's Law for circular symmetry is given in Ref. 3 


as 
n(R)R sin © = Cy (34) 
when 
n(R) = Index of refraction 
R = Normalized radius 
0 = Angle between ray path and outward meridian 
C, = Constant 


From the geometry of Figure 23, 


in 0 (35) 
NERDS SER Une (SS : 
Substituting equation (35) into (34) yields 
2 Cdk 
c= A or ay = —4+——— .. (36) 
2 diea2 Za? 2 
hk + Cay RYyn R —- C, 
For the Luneberg Lens (normalized radius), 
2 
eR | (37) 
which yields 
C,dR 
dy = (38) 
RY-R" + 2R° -~ C : 
1 
or 
1 4 Z 2,-1/2 
y= Ci | RE-R + 2R - Cy ] dR. (39) 





dR 7 
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iv 4 
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dy ~Sssa7, «7 
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26 a Me we 


Figure 23. Geometry For Luneberg Lens Ray Path Derivations. 
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Integrating this equation 


Y= = sin /i-c,* ~ 5 sin [(R--C,“)/(R ¥1-C,°)]. 


This equation gives four values of ¥ for each value of C 


hence two rays. 


mulas: 


and 


where 


and 


i 


ander and 


(40) 


Geometrical considerations produce the following for- 


2, 
R e 
Yy = oa , 
[4 
ieee ae oR? - ct 
Y. corresponds to ¥Y for y 
1 m 
¥5 corresponds to ¥ for a 


Y is the value of ¥ for which 


Bem cALCULATIONS OF a 


eas 


(41) 


(42) 


For each ray path the closest point of approach to the origin, Say 


occurs for 0 = 90°. Therefore, from equations (34) and (37) 


or 


talc esin 9O° = C 
m m 


1? 
r v¥2-r A ae 
m m 1 
x : ~ 2r = + C 5 =) 
m m i 
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SE, soy the quadratic formula, 


The negative square root must be taken since the positive square root 


gives an r, ereater than the normalized radius. Therefore, 


ee — /i-c,*) Lf2 7 (43) 


m 
which is the closest point of approach of the ray path to the center of 


the lens. 
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APPENDIX B 


ELECTROMAGNETIC FIELD DERIVATION 


fm DERIVATION OF ELECIRIC FIELD EQUATIONS. 


The field equations for any aperature on which the electric and mag- 


netic currents are known can be calculated utilizing the Aperature Field 


method and Huygen's Principle as developed in chapter 2 of Ref. 5. The 


electromagnetic field equations for any aperature [Ref. 5], and the geo- 


metry of Figure 24 are: 


and 


where 


ey ae ye A (44) 
E WHE 
iS ee (45) 
Uu WHE 
= Tivt yt jk| Ry 
ne # || J(x Ye ds? (46) 
|R,| 
" oskIRY 
= K(x! wtye IKI RY 
F = ~ || is nue ds' (47) 
|R, | 
AL ra 
3(x',¥') =n x HL (48) 
MG N= Bee 1 (49) 
27 
ae 
5 (50) 
dS' =p dx' ady' ©1) 
= Z t Z t ° 1 ° ° t 2 
‘Sle [R+(R') -2R(x'cosécos0-psinY¥'sin@sint+tpcos¥'cos0)] 7; 
(52) 
i Se Sese vray + cos v'a = unit normal to aperature. (53) 
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Luneberg Lens Geometry Used in the Derivation of Radiation 
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Equation (1) was divided into two parts: 


Ee kar (53) 
where 

Pomc’ *? (54) 
and 

Ee - Vx Vx a, (55) 


and considered separately. 


From equations (47), (49) and (54) 


bad Wet t Bae 
E An |R, | 

Jt 
Taking all constants outside the curl equations and interchanging the 


order of the integration and curl operators, 


= -jk|Ry| 
Peel = Kx" ¥" je J if : 
E) E || Vaal R eds. C7) 
il 
Using the vector identity 
eke = VE ~ K + £(9 ~« K) (58) 
where 
7 Jk] Ry | 
f=————__, (59) 
[R, | 
equation (57) reduces to 
E z a o SHR K(x',¥"')) ds! (60) 
i* (3 ioe mae ).) ; 
since 
gre dK 1) R 1 
RL (RI 
a ee d 
and Cie 0; 


ae Ag independent of the point of observation. 
D2 





From equations (46) and (55) 


3 5 -jk| Ry| 
I iF x vx (= ee 
7) stile Ar |R | 

aE 


Taking all constants outside the curl equations and interchanging the 


ds |s. 


order of integration and the curl operators 











4 a a Tr. 1 —jk]R}| 
Pee gy . es | ast, (61) 
2 anwe IR, | 
Applying the vector identity of equation (58) to the integrand twice 
yields 
1 ytje JE IRL| k 25k 2 ik 
= R — — ee 
= xT Tec way! ye G a J 5 a Ye J | ta x(@ 3D) 
IR, | Ee Es | 
(62) 
Then from equations (61) and (62) 
, =3)))5) | ae = 
E,=— (2 G1, Se ee Ce ee (63) 
2 4nwe R R \/ R, | : ib 
IGT TRY [Ry 


Equations (51), (53), (60) and (63) yield the Electric Field or any 
cylindrical aperature field at any distance from the aperature. For the 


far field only, the 1/ [R, | and W/ (Rk, | terms can be neglected leaving 


ok |i 


a jko ryt ! 1 Y 
Ey Te | RT Ov oodx 9d". (64) 
and 
ue ae Re 
f J - ees 
E. = iis | . aca x Cx, VY) Idx’ d. (65) 
Ui 


The Luneberg Lens was designed to produce constant phase along a line 


perpendicular to the aperature center and therefore the aperature field 


es 





has a phase of kp(1 - cos¥') so that: 


— — 4 — ' 
7 = E oJke (1 cos ¥') 
: 1 
and 
—_ me ‘ = t 
i = ajke (1 cos ¥') 
a ay 


ES and H. are the E and H fields of the aperature. 


K and J can then be rewritten as 


jke(1l - cos ¥') _ > jkp(1 - cos ¥') 
— Ke 


vad 
Il 


(E x nije 
call 

and 

seep cosh) = Ale - cos ¥') 


“Ji 


1 


(n xH )e 
=a 


Equations (64) and (65) can be rewritten as 


jke i{ 7 Sk[ Ry] 5kOC Cooma) | 


Et = t ! 
Ey i “ | F dx' d¥ 
1 
end ar? a-k|Ry| 3k. - cos ¥') _ 
E. = = ———) F. dx' ay! 
2 4m we IR | 2 
1 
where 
a V(t t = Lp aa 
oe ees Kee ey) a ie Te 
and 


= _t = ~ pt yty = = a 
Fy a. x (a, x Ji Cx st an [a aim. x Ho ) | 


From equation (70) and vector identity 


hee e— (A <- CB — (A ~ B)C, 


eager. —- (a - E )n, 
1 r ay r ay 
or 
FV = “7 ey - Con 5 
where 
Co = a Ti 
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(66) 


(67) 


(68) 


(69) 


(70) 


(71) 


(72) 


Gi) 





eid 


c A Cn ae (75) 


Assuming that the aperature field is polarized in the x-direction (i.e. 


fe -E a and H, = flee) 


a, ax x 1 ay y 
C, = — sin @sin Osin ¥' + cos Ocos ¥Y' (76) 
and 
Ce = E yor Ocos 6. (77) 


Combining equations (73), (76) and (77) gives 


al 
ll 


(-sin © sin © sin ¥' + cos O cos YE a, (78) 
+E sin @cos 6 sin ¥' a 
ax 


— F sin © cos ® cos ¥' a 
ax Z 


Converting to spherical coordinates 


— 
Fy ae + Flo a + EAS as (79) 
where 
Fie =O , (80) 
= ' 
Foo E xcs ¥Y"' cos © , (81) 
and 
= j i ee ' : 
Fig Ey 6Sin © sin ¥ cos © cos ¥' sin $). (82) 


When the above equations are substituted into equation (68) 


-jk|R | jke (1 - cos ¥') 
a = jko € e€ ae ae pe 1 1 
E = eae [FA + F 19% + Fy 92g 14x d¥v' (83) 
Or 
E, + EY + EL 0% “F EL 526 (84) 
where 
EY = 0, (85) 


ae) 





a. Jk if a Jk] Ri] ike (1 - cos ¥') 


A] d' t 
19 An |R | Pile, a : (Se) 
1 
and a 7 ' 
10 An IR | 10 
al 
Similarly, from equations (71) and (72) 
Py = a. x (Con - CH) 
or 
F, = Cy (a, xh C_(a_. x H)> (88) 
where 
Cy = a. i He (89) 
and 
a. xne= (sin 0 sin 6 cos ¥' + cos O sin De, 
- sin 0 cos ¢ cos ¥! ay 
- sin © cos @ sin ¥' a. ‘ (90) 


Again assuming an aperature field polarized in the x-direction 


a Wee 

May a ay : (oa) 

a xH =-4H cos 0a +H sin 0 cos 6 a : (92) 
ie a ay x ay Zz 

Ge— Hy sin 0 sings, >) 
2) ay 


and C, is as given by equation (76). From equations (76) and (88-93) 


ry 
tl 


2 2 2 — 
Hemiceanecesin cos ¥' - cos © cos V')a 
ay x 
* 2 e cae 
- H sin 0 sin @ cos $ cos ¥' a 
ay y 


- H sin © cos ® cos 0 cos ¥' a. (94) 
ay Zz 


Converting to spherical coordinates 


Rear es a + F oa Al 


2 Orr Oe eee (95) 
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® 16 26° 
Substituting equations (85) and (102) into (106), 


(107), and (8&6) and (104) into (108), 


af 


ae -jk|R,| jkp(1 - cos ¥') 
i = ijk oO ee ee = + = + aoe t i] 
a TWE || IR | eae F207 Fog ty) aye) 
1 
where 
= 1 
Foo Oe cos 0 cos ¥'cos 6 , (98) 
and 
= — . | 
Fog A. sin @ cos ¥'. (99) 
When the above equations are substituted into equation (69) 
a a 2 SKRq| . jko (1 - cos ¥') _ 
— + + 1 
2 4nwe [fe JR, | {Fy a ¥20%0 Fogg 14x" ue 
or (100) 
eee  20°0 “2076: Coie 
where 
ED. = 0, (102) 
2 -jk|k,| jkp(1 - cos ¥') 
~ jap e l'e ment 
ye ff ee aes 
1 
and 
“ee -jk|R,| jko(1 - cos ¥') 
E,. = Bia Oo) Ce feeds Gu. (104) 
29 ATWE IR | 29 
1 
From equation (53) 
E=E E. =Ea a_tEa 0 
E Ey + E., nee + EQ Ao E45 (105) 
where 
= 0 
E.. Fir a cor (106) 
= E 107 
Ho 7 ile) Ye apoe oe 
and 
Ee eet OB (108) 


CSy ane CLO) se into 





_ jko {{ ve Aaah =o OS y") 


| 
o lie . : TE, cos Y' cos 6 + 
1 
k q q t 
weelecos) © cos Y cos @ ] dx* dy’ , 
WE ay 
and 
a 4 s (oa | 
Aes F jk [Ry] ke (1 cos y') . | | 
——— ———_____—_—_—_————————- J[E (sin © sin y' - 
® 4n ax 


}R, | 
- cos @ cos ¥'sin 9) + ky sin 6 cos y'] dx' dy', 
we ay 
Considering the far field relationship of E and H at the aperature of 
the lens 
LE 
ay u ax 


which when substituted in the above equations yields 


E = QO, (109) 
E = UO eos @ (1 + cos Seo 
S) An 
—ik - ' 
if [Ry | ike cos ¥ . 
ae a E ox cos y' dx' dy (110) 


[R, | 


-4 . | 
_ ike _ ike i e jk|R,|_ ike cos ¥ 


|R 


and 


Eee 


ax 
1 


[sin © sin vy' — cos y¥'sin 6 (1 + cos 9)] dx' dy’. (111) 


A similar derivation for an zperature field polarized in the y-dir- 


ection yields 


nO (112) 
= —_4 ’ 
 z SK ,3kP ; jk|R, |, jko cos ¥ 
ot ee fot ep 
|R, | , 


feos ¥'sin $6 (1 + cos 6) - sin 9 sin y'] dx' dv’, (113) 


ia -jk|R,| -iko cos y' 


jKo e 
E — ee ™ . 
5 ii [cos $(cos 0 + »)/{ 


[E cos ¥'] dx' d¥', (114) 
ay 58 





where ae is the magnitude of the aperature field polarized in the y- 
airection. 

The two sets of equations (109-111) and (112-114) when combined will 
produce the Far-Field expressions for any aperature field polarized in 
the x-y plane. If one is interested in the Far-Field patterns only, 
then comparison of equations (110) and (111) to equations (113) and (114), 
respectively, indicates that the normalized Far-Field patterns are iden- 
tical for any aperature field polarized in the x-y plane. Therefore, 
in order to obtain the Far-Field patterns, only one set of the equations 


need be considered. 
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